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Introduction 

In this paper, we systematically apply Grothendieck duality theorem to simplify 
the proofs of several theorems in different papers: Including a vanishing theorem 
in KMM[2I], a theorem of Kollar's paper [T3], a vanishing theorem due to Kovacs 
in [3D] and a theorem of Fujino in fB]. We also prove that under some condtions, 
log J-terminal pairs have rational singularities . We remark that all of the above 
are achieved by the same trick. 

Here we briefly introduce the trick that will be used in this paper. Given a 
resolution f :Y ^ X, On Y there are effective divisor E and some integral divisor 
B we are interested in. Consider the following diagram of complex, 

> Rf*B 




RMB + E) 

We show that /3 is a quasi-isomorphism by Kawamata-Viehweg vanishing theo- 
rem. Dualize this diagram 



R'Hom{f^,B,Lu'^ 




RHom{Rf^B,ujx) 



Rf.,u;Y{-B)[n] 



•0* 



Rf,uJY{-B - E)[r 



RHom{Rf^{B + E),ujx) 
where (jj* and ip* are quasi-isomorphism by duality theorem. Then we use some 
vanishing theorem to get information of the map 7. For instance, if i? = 0, the 
by Grauert vanishing 7 is a zero map except at the —n degree. Then by the 
commutativity of the diagram and the fact that /3 and tp* are isomorphism, we 
conclude that RT-Lom^f^B, uj'-^) and the complex in the second row are zero except 
at the —n degree. 

For the reader's convenience we recall Grothendieck duality theorem and fix 
the notations in this paper. Let f : Y ^ X he a. proper morphism between two 
projective schemes. Then for any T' e D^cohO^)^ have 

Rf^.RHomYiJ^' ,i^y) — R'Homx{Rf*J-",ujx) 

For a Cohen-Macaulay scheme Y of dimension n, we have ujy = ujY[n\. In the 
whole paper, we let n denote the dimension of all the varieties. Since we only deal 
with birational morphisms, this will not cause any confusion. If Y is normal, then 
/i^"(wy[n]) — Oy{Ky), the extension of regular d- forms on smooth locus. 
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The organization of this paper goes as fohows. In section one we prove a vanish- 
ing theorem in KMM, and in section two we consider the log J terminal singularities. 
In the last section, we first prove a vanishing theorem of dlt pair and then apply it 
to the proofs of the theorems mentioned at the beginning. In the whole paper we 
work over complex numbers. 

Acknowledgement. I would like to thank Lawrence Ein and Mihnea Popa for 
useful discussions and letting me read their study note of [13]. I would also like to 
thank Osamu Fujino, Sandor J. Kovacs, and Wenbo Niu for answering me many 
questions via email. 



1. A VANISHING THEOREM IN KMM 

In this section we reprove Theorem 1-3-1 in |21j . which is a vanishing theorem 
due to Elkik 6 and Fujita 'iT in a generalized form. Besides Grothendieck duality 
theorem, the original proof also used spectral sequence and local duality. 

Theorem 1.1. Let f : Y ^ X be a proper birational morphism from a smooth 
variety Y to a variety X with divisor L, L on Y . Assume there exist Q divisors 
D, D and an effective divisor E onY such that the following conditions are satisfied: 

(1) supp D and supp D are simple normal crossing and \_D\ = \_D\ = 0; 

(2) both —L — D and ~L — D are f - nef; 

(3) Ky^L + L + E; 

(4) E is exceptional for f . 
Then, Wf^L ^Ofori>0. 

Proof. Consider the following diagram of complexes, 

f.OyiL) ^Rf^OriL) 




Rf,OY{L + E) 

where f^OyiL) denotes the complex with the sheaf f^^OyiL) at degree zero and 
zero elsewhere. 

Here ^9 is a quasi-isomorphism, since 

L + E ^ Ky- L 

= Ky-L- D + D 

= Ky + (f-nef and big)+ fractional part. 

By Kawamata-Viehweg vanishing we have R^f^.OY{L + E) — for alH > 0. Also 
R°f^OY{L + E)= f^OY{L) by LemmaO 
Apply duality to the diagram above we have 

RUom(f^OY{L),uJx) < — ^ Rnom(Rf^OY{L),uJx) ^ 



/3* 



si'* 



Rnom{Rf,OY{L + E),uj-xY Rf,UY{-L - E)[n] 

where (jf and ^* are isomorphism by duality theorem. By the commutativity of 
this diagram we have 



(1.1) 



/Q* / * * J. * 

p o ip —a o0 o ^ 
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Note that Ky ~ L ^ Ky — L — D + D, so hy Kawamata-Viehweg vanishing theorem 
we have ft^Kyi—L) = if i > 0. In other words, the right hand side map is 
zero at the positive degree part. Since the left hand side is a quasi- isomorphism, 
we conclude that W f^,Ky{—L — E) = i > 0. This implies i?*/*^ = by condtion 
(3), and then by symmetry we also have f^L = 0. □ 

Lemma 1.2. (Lemma 1-3-2 in |21| ) Let f : Y X be a proper birational morphism 
from a nonsingular variety Y onto X , L be a line bund on Y and D a Q-divisor. 
Assume that supp D is simple normal crossing, \_D\ — 0, and —L — D is f-nef. 
Then for any exceptional effective divisor E on Y , we have 

f,OE{L + E)^0 
2. Log J-terminal pairs are rational singularities 

In this section, we prove that under some assumptions a log J-termianl pair has 
rational singularities. First we recall the definitions, for detail see [3 and ^5 . Given 
a variety X of dimension n, consider the sheaf of n- forms and the morphism 

TT : P(f2J) ^ X. 

Since fix invertible along the smooth locus U of X, tt is an isomorphism over U. 
We then define the Nash blow up vr : X — > X as the closure of tt^^{U) in P(n^). 

Let Jacx be the Jacobian ideal of X, then by Lemma 1 in |23| . any log resolution 
f : Y ^ {X, Jacx) factors through the Nash blow up of X. Say -0 : F X, we 
can define the relative Mather canonical divisor Ky/x = Ky — ip*Ox{l). Let J be 
the effective divisor on Y such that Oy{—J) — Jacx ■ Oy. Then following [3] we 
define the relative Jacobian canonical divisor as 

^Y/X = Ky/x - J- 

Following 3 (section 4.1), we consider a pair {X,U) where U = 11^0^% a formal 
product of ideals with real exponents. 

Definition 2.1. Given a prime divisor E over {X,iJ), the log J-discrepancy is the 
number 

a%{X,U) - ordB(i^^/^) + 1 - oidEiU). 

{X,U) is said to be log J-terminal (resp., log J-canonical) if a'^{X) > (resp., 
^ 0) for all exceptional prime divisor E over X. Similarly, {X,U) is said to 
be J-terminal (resp., J-canonical) if a^(X) > 1 (resp., a%{X) > —1). 

In [3] (resp., [5]), the authors proved that J-canonical implies rational singular- 
ities by inversion of adjunction (resp., Mather multiplier ideal method). Here we 
assume X is normal and show that. 

Theorem 2.2. Given a log J-terminal pair {X,IA), if X is normal and the codi- 
mension of zero locus oflA is at least two, then X has rational singularities. 

Proof. Given any log resolution f -.Y ^ {X, Jacx -U) , by local calculation ( Lemma 
3.3 in '5]) we can write K^i^ ^ Ky ~ B. Here B is an effective divisor such that 
G ■ Oy = Oy{—B) for some ideal sheaf G on X, so —B is /-nef and big. 

Let Z be a R divisor on Y such that U ■ Oy = Oy{-Z). (Note that Z may not 
be effective since we did not put any restriction on the exponent coeficients oiU). 
Then by assumption Ky/x ~ ^ — Ky — B — Z = P — Q, where P, Q are effective 
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Q-divisors and [Q\ = 0. Since we assume X is normal, the codimension of the 
zero locus of Jacx is at least two. With the assumption of U we see that both J 
and Z are suppoted on exceptional locus. So P and Q are exceptional. {Ky/x is 
exceptional, see [4j). 
Then we define 

E = = Ky - B - Z + Q + \P] - P, 

which is an effective exceptional divisor. 
Consider the following diagram, 

UOy ^Rf.OY 




RUOy{E) 

Since B and Z are pull back form X, they are both relative nef and big. By 
Kawamata-Viehweg vanishing theorem, /^.Oy {E) = for z > 0. And since we 
assume that X is normal, we have f,:OY{E) = Ox and /? is a quasi-isomorphism. 
At this point we can apply Kovacs's theorem [18] to get the conclusion. But to 
illustrate the idea of this paper and for further generalization we prove it directly. 

Dualize the diagram above we have 

RUom{f^OY,ujx) ' RHom[Rf^OY,i^x) ^ Rf*i^Y[n] 

7 

Rnom{Rf., Oy{E),uJx) Rf^ujY {-E) [n] 

where 4>* and '0* are isomorphism by duality theorem. 

By Grauert vanishing theorem,, is a complex with zero at every degree 

except at degree — n. Since we assume X is normal, we have f*OY = Ox and then 
R'Hom{f^:OY,0Jx) = ^x- Using the same argument as section one, we conclude 
that u}'^ = R'Hom(ff:OY , i-^x) is also a complex with zero at every degree except at 
degree ~n. So we conclude that X is Cohen-Macaulay. 

Moreover, from this diagram we have a sequence of sheaf, 

f^UJY{-E) f^UJY OJX 

where the composition is an isomorphism. Since all these sheaves are rank one 
without torsion, we have /*a;y = ujx- By Theorem 5.1 in [16J, X has rational 
singularities. 

□ 




3. A VANISHING THEOREM OF DLT PAIR 

In this section we prove a vanishing theorem of a dlt pair {X, A), where X is 
a normal variety . We first prove a special case (Theorem 13. ip to illustrate the 
idea and then consider the more general case (Theorem 13. 4p . Theorem 13.11 is in 
fact a special case of Kovacs's vanishing theorem, but use Fujino's idea we can also 
prove it fCorollarv l3.10p . After finished this paper, the author learned that KoUar 
and Kovacs had also proved Theorem 13.41 bv the notion of rational pair, which will 
appear in [14j . Base on Theorem [331 prove several corollaries mentioned in the 
introduction. 



SOME APPLICATIONS OF GROTHENDIECK DUALITY THEOREM 



5 



One of the equivalent definitions of dlt singularities is that there is a log resolution 
(Szabo resolution [25) f '■ Y ^ X such that the dicrepancy a{E\X, /S) > —1 for 
any exceptional divisor £' on y (Theorem 2.44 in [16]). 

Theorem 3.1. Let (X, Ax) be a dlt pair and let f : Y ^ X be a Szabo resolution. 
Then we can write 



Ky + Ay^ r{Kx + Ax) + P-Q, 

where P, Q are effective exceptional divisors, [QJ — and Ay is the strict transform 
of Ax ■ Then we have 

ff/,Oy(-LAyJ) =0 

for every i > 0. 
Proof. Write 

Ky - f*{Kx +Ax)+Ay =P-Q, 

Define 

B=\P^=Ky- f*{Kx +Ax) + Ay + Q+ \P^ - P, 
then B is f-exceptional and effective. Consider the following diagram, 

/,Oy(-LAyJ) ^^i?J,Oy(-LAyJ) 

Rf,OY{B-[AY\) 
Note that 

B - [Ay\ ^Ky- f*{Kx + Ax) + S, 

where S is some effective simple normal crossing divisors such that [d\ — 0. So 
by Kawamata vanishing R^f^OY{B — [AyJ) = for i > 0. On the other hand, 
we know that X is normal so f^OY{B — [AyJ) = /^Oy (— [AyJ ). So (3 is in fact 
isomorphism. 

Dualize this diagram and by relative duality we have 



R-Homif^OYi- [Ay\), ojx) RUomiRf^OYi- [AyJ ), w^) ^ 



Rf*^Y{ 



AyJ)N 



RHom{Rf^OY{B - [AY\),uJxTi i?/*wy([AYj - B)[n] 

where (jf and "0* are isomorphism by duality. In the future discussion, we call 
it diagram A. 

By lemma l3^ i?*/*^^y(LAyJ) = for i > 0, so 7 is a zero map except at degree 
— n. Since the isomorphism /3* oij)* factors through 7, so take the —nth cohomology 
we then have the following diagram 

Sxt-^{f,OY{~[AY\),uj-^t^ 



■ f*UJY\ 



LAyJ) 

7 



f^LOY{VAY\-B) 

Since every sheaf in this diagram is torsion free with rank one, 7 and a* o (p* are 
both isomorphisms. 

Dualize diagram A, since 7 is a quasi-isomorphism we have 
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^Oy (- [Ay] ) > (- [AyJ ) ^ i?Hom(i?/,c^y ( [AyJ ) [n] , 




i?7^0TO(i?/*wr([AyJ -B)[n],ujx) 
By this diagram, we conclude that a is an isomorphism, or equivalently, 

i?7,Oy(-LAyJ) =0 

for every i > 0. □ 

Lemma 3.2. Let f : Y X be a proper morphism from a smooth variety Y , with 
a reduced simple normal crossing boundary B. Given a f- nef and big line bundle L 
on Y such that L is also f-big at all the Ic (log canonical) centers of {Y,B). Then 
R'^f^KyiB + L) — for all i > 0. Particularly in our case, i?*/*^F(LAyJ) = 
for all i > 0. 

Proof. Take an irreducible component 5* C _B, then consider 

^ KyUB - S) + L) ^ Ky{B + L) ^ Ks{B - S + L) 0. 

Since 5* is a Ic center of (F, B), L \s is /- nef and big on S by assumption. The Ic 
center of (5, {B — S) \s) is the restriction from (F, B), so L \s is /-big on all of the 
Ic centers of {S,{B — S) \s)- As a result, by induction on dimension we conclude 
that R'f4Ks{B -S + L)\s)^ 0. 

On the other hand, if there is no irreducible component in B then the statement 
is the classical Kawamata- Viehweg vanishing theorem. So by induction on the 
number of irreducible components of B, we conclude that ff,KY{{B — S) + L) = 0. 
Then after pushing forward the exact sequence, we see that R^ f^^KyiB + i) = 0. 

In the case of Theorem l3.1[ we consider the pair (F, [AJ ) and the line bundle L is 
Oy. Since / is birational, Cy is automatically /-nef and big. Since / is isomorphism 
at the generic point of [AJ, Oy is /-big on the Ic center. So /J^/^ify ( [AyJ ) = 
for all i > 0. 

□ 

Remark 3.3. Lamma \3.(^ is in fact a vanishing lemma of Reid- Fukuda type, see 
for example Lemma 4-10. We include the proof here for the reader's convenience. 

More generally. Theorem 13.11 is true for any subset of Ay by the following theo- 
rem. 

Theorem 3.4. Let (X, Ax) be a dlt pair and let f : Y ^ X be a Szabo resolution. 
Notation as Theorem lS.ll then for any subset Ay C Ay, we have 

i?7,Oy(-LA^J) = 

for every i > 0. 
Proof. Write 

i^y + Ay = f*{Kx + Ax) + P-Q, 

and let Ay = Ay — L^yJ- Then following the proof of Theorem 13. II we consider 

[P] - [A\-\ = Ky ~ f*{Kx + Ax) + \P] - P + Q + Al- 

Note that in this case. Ay has some reduced component so we are not able to apply 
Kawamata vanising theorem. However, we claim that i?*/*C'y([P] — [AyJ) = 
for z > 0. Since / is a Szabo resolution, it is isomorpic at the generic points 
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of log canonical centers of {X,Ax)- As a result, R^f^:OY{\P^ — L^yJ) = at 
those centers. One the other hand, by torsion-free theorem of Ambro and Fujino 
(Theorem 1.1 in [T and Theorem 3.2 in [1 ), the associate prime of i?*/,C'y([P] — 
[A^J) are among the log canonical centers of {X, Ax)- So the claim is proved. 

Since [P] is /- exceptional, we have /,Oy([P] - [A^J) = /^©^(-[A^J). In 
conclusion, we have the following diagram such that /3 is a quasi isomorphism, 

(- [Ai^J ) ^ Rf.Oyi- [A^J ) 

P 

Rf.OrilP] - LAi-J) 
Then we dualize this diagram and follow the same argument in Theorem 13.11 to 
get the conclusion. □ 

Corollary 3.5. (Theorem 5.22 in [E]^ If{X, Ax) is a dlt pair, then X has rational 
singularities. 

Proof. By Proposition 2.43 in [16], we can perturb A a little bit so that (A", A) is 
a kit pair. In particular, [AJ = 0. 

Take the Szabo resolution f : Y X, hy Theorem O ^7*C'y(-LAyJ) = 
W f^Oy — 0, for i > 0. By definition we assume that X is normal so /iOy — Ox- 
As a result, / is a rational resolution. □ 

Corollary 3.6. (Theorem 4-^4 ,8 , Proposition 2.4 in ) Given a dlt pair{X, A), 
let S ~ Si + ■ ■ ■ + Sk be the reduced part of A and T = Si + ■ ■ ■ + Sj, j < k. Then 
Ox{—T) is Cohen- Macaulay. Moreover, as a reduced scheme T is Cohen- Macaulay 
and has Du Bois singularities. 

Proof. We take the Szabo resolution and write 

Ky + Ay = f*{Kx + Ax) + P-Q, 

Let Ay C Ay be the strict transform of T . By diagram A and the argument in 
the proof of Theorem 13.11 we have 



(3.1) £xt-\f^OY{~A\.),ujx) = 0,Vi 7^ n. 

By Corollarv 13.51 X is Cohen-Macaulay so lu'-^ = ijjx[n]. Then equation 3.1 implies 
that /*C'y(— Ay) is Cohen-Macaulay, see for example Corollary 3.5.11 in [5]. Note 
that since A^, is the strict transform of T on F, f^OY{-A\.) = Ox{-T)- This 
proves the first statement. 

For the second statement, consider 

^ Ox{-T) ^ Ox ^ Ct ^ 0. 

Apply R'Hom{-,ujx) to this exact sequence we get 

iij'rp — !> uj'x R'Hom{Ox{—T),Lu'x) 



+1 



Since both lj'-^ and R'Hom{0 x {—T) , ivx) are nonzero only at the — n degree, coj, is 
nonzero only at the —n -\- 1 degree. So T is Cohen-Macaulay. 
Push forward the following sequence 

^ Oy(-A^) Oy -J> O^i -> 0. 
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By Theorem [331 i?V*C'i'(-A^) = so .UO^i^ = Or- Using Theorem |331 and 
CoroUarv 13.51 we conclude that i?*/*CA^ — 0,^1 > 0. In other words, Ot — 
Rf^O^i^, which imphes T is Du Bois by Corollary 2.4 in [T7]. □ 

Remark 3.7. 5*66 similar property of semi divisorial log terminal pair in 
Theorem 4-2. 

The first result in Corollary 13.61 is generalized in the next Corollary. We say 
D ^q^ioc A' if locally D - A' is Q-Cartier. 

Corollary 3.8. (Theorem 2 in fHlJ Let {X, A) be dlt, D a Z-divisor and A' < A an 
effective Q-divisor on X such that D ^q./oc A'. Then Ox{—D) is Cohen- Macaulay. 

Proof. We follow the set up in [T^. First by perturbing A, we can assume {X, A) 
is kit. Take a log resolution f -.Y ^ X. Since Z) — A' is Q-Cartier, we can write 

f*{D-A') = f-'D-f-'A'-F, 

where F is /-exceptional. Define 

DY = f-'A' + {F} + f*iD-A'), 

then f^OYi—Dy) — Ox(—F>). Wc can also find effective and /-exceptional divisor 
B on Y such that 

B — Dy = Ky — {/-trivial} + {strict transforms} + (5, 

where [^J = 0. Apply Lemma ESI we see that Wf^Oy{B - Dy) = 0,Vi > 0. In 
particular, Rf^,Oy{B — Dy) is quasi isomorphic to f^,Oy{~Dy) as complexes. So 
far everything is the same as the set up in section 9 of 13J. 

Now we apply the trick in this paper, replace [AyJ in diagram A by Dy, we 
have 

RHom{f,Oy{~Dy),UJx) < RnomiRf, Oy{-Dy),UJx) ^ Rf* UJy{Dy) [n] 

7 

Rnom{Rf,Oy{B - Dy),ijJxT< Rf^ioy[Dy - B)[n] 

Note that by Lemma [3^ Rfifijjy{Dy)[n] is zero except at degree -n spot. Using 
the argument in the proof of Theorem 13.11 we have 

£xt-\Ox{-D),u:x) = £xt-\f,Oy{-Dy),u:x) = 0,Vz ^ n. 
So Oxi~D) is Cohen-Macaulay. 

□ 

Remark 3.9. See |19j for more systematic way to approach this problem by rational 
pairs. 

Now we prove a vanishing theorem due to Kovacs, which is a generalization of 
Theorem [311 

Corollary 3.10. (Theorem 1.2 in |20) ) Let (X, A) be a log canonical pair and let 
f : Y X be a proper birational morphism from a smooth variety Y such that 
Exc(/)U Supp/^^A is a simple normal crossing divisor on Y . If we write 

Ky = f*{Kx + A)+Y,a^E, 
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and put E — =-i -^i' then 

R'f^Ovi-E) = 

for every i > 0. 

Proof. (The argument here essentiahy foUows |10j , we refer the readers to there for 
more details ). By Theorem 3.1 in [IS] we can take dlt modification g : Z — > {X, A), 
so that Kz + ^z = g*{Kx + ^) and {Z, Az) is a dlt pair. Take the Szabo resolution 
h : Y Z and let f = g o h, then we have 

Ky + E = f*iKx+A)+P~Q, 

where E=[h-'^Az\ and [QJ = 0. 

By Theorem O WKOy(-E) = for i > and the proof of Corollary Ell] im- 
plies that h^fOyi—E) — I{Z,Az)- Then relative Kawamata-Viehweg-Nadel van- 
ishing theorem implies that R^g^,h^,OY{—E) = R^g^,I{Z, Az) — for all i > 0. 
Then the Leray spectral sequence implies f^,OY{—E) = for every i > 0. Then 
we blow up some particular locus to make sure that Exc(/)U Supp/~^A is simple 
normal crossing and i?) is not affected. For the detail, see the original 

argument in [10] . 

□ 
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